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Abstract: In this paper, we mainly discuss the (p, q)-frames in shift-invariant subspaces
Vp,q(Φ) =


r∑
i=1
∑
j1∈Z
∑
j2∈Zd
di(j1, j2)φi(· − j1, · − j2) :
(
di(j1, j2)
)
(j1,j2)∈Z×Zd
∈ ℓp,q(Z× Zd)


of mixed Lebesgue spaces Lp,q(R × Rd). Some equivalent conditions for {φi(· − j1, · − j2) :
(j1, j2) ∈ Z × Z
d, 1 ≤ i ≤ r} to constitute a (p, q)-frame of Vp,q(Φ) are given. Moreover, the
result shows that Vp,q(Φ) is closed under these equivalent conditions of (p, q)-frames for the
family {φi(·−j1, ·−j2) : (j1, j2) ∈ Z×Z
d, 1 ≤ i ≤ r}, although the general result is not correct.
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1 Introduction
Frames were first introduced by Duffin and Schaeffer in the context of nonharmonic Fourier
series [9], and were furtherly studied in many references, such as [1, 4, 8, 10, 14, 18, 20, 25].
In recent years, frames have been generally applied to wavelet theory, time frequency analysis
and sampling theory [6, 7, 15, 28].
Some signals are time-varying in practice, which means that the signals live in time-space
domains at the same time. Mixed Lebesgue space is a suitable tool for modeling and measuring
time-space signals, due to the separate integrability for different variables. Mixed Lebesgue
spaces were first described in detail by Benedek and Panzone [2], and were furtherly studied
from the views of classical harmonic analysis and operator theory, see [3, 5, 11, 12, 13, 16, 23]
and the references therein.
For 1 ≤ p, q ≤ ∞, the mixed Lebesgue space Lp,q(R×Rd) denotes the Banach space of all
functions f such that
‖f‖Lp,q(R×Rd) =
∥∥∥∥∥f(x1, x2)∥∥Lqx2 (Rd)
∥∥∥
Lpx1 (R)
<∞. (1.1)
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Similarly, ℓp,q = ℓp,q(Z × Zd) is the Banach space of all sequences d =
(
d(j1, j2)
)
(j1,j2)∈Z×Zd
such that
‖d‖ℓp,q =
∥∥∥∥∥d(j1, j2)∥∥ℓqj2 (Zd)
∥∥∥
ℓpj1
(Z)
<∞. (1.2)
Recently, sampling for time-varying signals in bandlimited subspaces, shift-invariant subspaces
and reproducing kernel subspaces of mixed Lebesgue spaces Lp,q(R × Rd) are studied in
[21, 22, 24, 27, 29, 30]. Moreover, the Lp,q-stability of the shifts of finitely many functions in
mixed Lebesgue spaces Lp,q(Rd+1) was discussed in [26], which generalized the corresponding
results of Lp-stability in [17, 19, 20].
In this paper, we mainly study the (p, q)-frames of the form
{
φi(· − j1, · − j2) : (j1, j2) ∈
Z× Zd, 1 ≤ i ≤ r
}
in shift-invariant subspaces Vp,q(Φ) of L
p,q(Rd+1), which is a direct gener-
alization of the notion of p-frames in [1].
Definition 1.1 The family
{
φi(x1 − j1, x2 − j2) : i = 1, · · · , r, (j1, j2) ∈ Z× Z
d
}
is called a
(p, q)-frame of Vp,q(Φ) if φi ∈ L
p′,q′(R ×Rd) and there exist positive constants A and B such
that for any f ∈ Lp,q(R×Rd),
A‖f‖Lp,q ≤
r∑
i=1
∥∥∥{ < f, φi(· − j1, · − j2) > }
(j1,j2)∈Z×Zd
∥∥∥
ℓp,q
≤ B‖f‖Lp,q , (1.3)
where p′ and q′ are the conjugate numbers of p and q, respectively.
The paper is organized as follows. In section 2, we give some lemmas which will be used for
proving our main results in the next section. The main theorem and all the proofs are gathered
in section 3.
2 Some lemmas
In this section, we will establish some lemmas which are useful for proving the main results.
Firstly, we introduce the function spaces
Lp,q =
{
f : ‖f‖Lp,q =
∥∥∥∥ ∑
j1∈Z
∥∥∥ ∑
j2∈Zd
|f(x1 + j1, x2 + j2)|
∥∥∥
Lqx2 ([0,1]
d)
∥∥∥∥
Lpx1([0,1])
<∞
}
,
W(L1,1) =
{
f : ‖f‖W(L1,1) =
∑
j1∈Z
sup
x1∈[0,1]
∑
j2∈Zd
sup
x2∈[0,1]d
|f(x1 + j1, x2 + j2)| <∞
}
,
which are the generalization of Lp and W(L1) in [1] defined by
Lp =
{
f : ‖f‖Lp =
∥∥∥ ∑
j∈Zd
|f(x+ j)|
∥∥∥
Lp([0,1]d)
<∞
}
,
W(L1) =
{
f : ‖f‖W(L1) =
∑
j∈Zd
sup
x∈[0,1]d
|f(x+ j)| <∞
}
.
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Obviously, we have W(L1,1) ⊂ L∞,∞ ⊂ Lp,q ⊂ Lp,q for 1 ≤ p, q ≤ ∞. For 1 ≤ p1 ≤ p2 ≤ ∞,
Lp2,q ⊂ Lp1,q. For 1 ≤ q1 ≤ q2 ≤ ∞, L
p,q2 ⊂ Lp,q1.
For any sequence D =
(
d(j1, j2)
)
(j1,j2)∈Z×Zd
∈ ℓp,q and f ∈ Lp,q(R × Rd), define the
semi-convolution
f ∗
′
D =
∑
j1∈Z
∑
j2∈Zd
d(j1, j2)f(· − j1, · − j2).
It is easy to verify that f∗
′
is a continuous map from ℓp,q to Lp,q.
Lemma 2.1 [26] Let 1 ≤ p, q ≤ ∞. If D ∈ ℓp,q(Zd+1) and f ∈ Lp,q(Rd+1), then
‖f ∗
′
D‖Lp,q ≤ ‖D‖ℓp,q‖f‖Lp,q .
Lemma 2.2 [1] Let f ∈ Lp (or W(L1)), 1 ≤ p ≤ ∞. Then for any D ∈ ℓ1,
‖f ∗
′
D‖Lp ≤ ‖D‖ℓ1‖f‖Lp and ‖f ∗
′
D‖W(L1) ≤ ‖D‖ℓ1‖f‖W(L1).
Lemma 2.3 Let D ∈ ℓ1,1 and f ∈ Lp,q (1 ≤ p, q ≤ ∞). Then
‖f ∗
′
D‖Lp,q ≤ ‖D‖ℓ1,1‖f‖Lp,q .
Proof Denote dj1(·) = d(j1, ·) and fx1(·) = f(x1, ·). Then
‖f ∗′ D‖pLp,q =
∫
[0,1]
( ∑
k1∈Z
(∫
[0,1]d
( ∑
k2∈Zd
∣∣∣ ∑
j1∈Z
(fx1+k1−j1 ∗
′ dj1)(x2 + k2)
∣∣∣)qdx2
)1/q)p
dx1
=
∫
[0,1]
( ∑
k1∈Z
∥∥∥ ∑
j1∈Z
(fx1+k1−j1 ∗
′ dj1)(·)
∥∥∥
Lq
)p
dx1
≤
∫
[0,1]
( ∑
k1∈Z
∑
j1∈Z
‖(fx1+k1−j1 ∗
′ dj1)(·)‖Lq
)p
dx1
≤
∫
[0,1]
( ∑
k1∈Z
∑
j1∈Z
‖dj1‖ℓ1‖fx1+k1−j1‖Lq
)p
dx1
=
∫
[0,1]
( ∑
k1∈Z
∑
j1∈Z
‖d(j1, ·)‖ℓ1‖f(x1 + k1 − j1, ·)‖Lq
)p
dx1. (2.1)
Denote c(j1) = ‖d(j1, ·)‖ℓ1 and h(x1) = ‖f(x1, ·)‖Lq . Then by Lemma 2.2∫
[0,1]
( ∑
k1∈Z
∑
j1∈Z
‖d(j1, ·)‖ℓ1‖f(x1 + k1 − j1, ·)‖Lq
)p
dx1
=
∫
[0,1]
( ∑
k1∈Z
∑
j1∈Z
c(j1)h(x1 + k1 − j1)
)p
dx1
=
∫
[0,1]
( ∑
k1∈Z
(h ∗′ c)(x1 + k1)
)p
dx1
= ‖h ∗′ c‖pLp ≤ ‖c‖
p
ℓ1
‖h‖pLp = ‖D‖
p
ℓ1,1
‖f‖pLp,q .
This together with (2.1) leads to ‖f ∗
′
D‖Lp,q ≤ ‖D‖ℓ1,1‖f‖Lp,q .
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Lemma 2.4 Let D ∈ ℓ1,1 and f ∈ W(L1,1). Then
‖f ∗′ D‖W(L1,1) ≤ ‖D‖ℓ1,1‖f‖W(L1,1).
Proof By the similar method as in Lemma 2.3, we obtain
‖f ∗′ D‖W(L1,1) =
∑
k1∈Z
sup
x1∈[0,1]
∑
k2∈Zd
sup
x2∈[0,1]d
∣∣∣ ∑
j1∈Z
∑
j2∈Zd
dj1(j2)fx1+k1−j1(x2 + k2 − j2)
∣∣∣
=
∑
k1∈Z
sup
x1∈[0,1]
∑
k2∈Zd
sup
x2∈[0,1]d
∣∣∣ ∑
j1∈Z
(fx1+k1−j1 ∗
′ dj1)(x2 + k2)
∣∣∣
=
∑
k1∈Z
sup
x1∈[0,1]
∥∥∥ ∑
j1∈Z
(fx1+k1−j1 ∗
′ dj1)(·)
∥∥∥
W(L1)
≤
∑
k1∈Z
sup
x1∈[0,1]
∑
j1∈Z
‖dj1‖ℓ1‖fx1+k1−j1‖W(L1)
=
∑
k1∈Z
sup
x1∈[0,1]
∑
j1∈Z
‖d(j1, ·)‖ℓ1‖f(x1 + k1 − j1, ·)‖W(L1)
=
∑
k1∈Z
sup
x1∈[0,1]
∑
j1∈Z
c(j1)h(x1 + k1 − j1)
=
∑
k1∈Z
sup
x1∈[0,1]
(h ∗′ c)(x1 + k1)
= ‖h ∗′ c‖W(L1) ≤ ‖c‖ℓ1‖h‖W(L1) = ‖D‖ℓ1,1‖f‖W(L1,1),
where c(j1) = ‖d(j1, ·)‖ℓ1 and h(x1) = ‖f(x1, ·)‖W(L1).
Lemma 2.5 [1] Let 1 ≤ p ≤ ∞. Suppose that f ∈ Lp(Rd) and g ∈ L∞(Rd), then
∥∥∥∥
{∫
Rd
f(x)g(x− j)dx
}
j∈Zd
∥∥∥∥
ℓp
≤ ‖f‖Lp‖g‖L∞ .
Lemma 2.6 Let 1 ≤ p, q ≤ ∞. If f ∈ Lp,q(R×Rd) and g ∈ L∞,∞(R×Rd), then
∥∥∥∥
{∫
R
∫
Rd
f(x1, x2)g(x1 − j1, x2 − j2)dx1dx2
}
(j1j2)∈Z×Zd
∥∥∥∥
ℓp,q
≤ ‖f‖Lp,q‖g‖L∞,∞ .
Proof Let fx1(·) = f(x1, ·) and gx1(·) = g(x1, ·). Then it follows from Lemma 2.5 that
( ∑
j2∈Zd
∣∣∣∣
∫
Rd
fx1(x2)gx1−j1(x2 − j2)dx2
∣∣∣∣
q)1/q
=
∥∥∥∥
{∫
Rd
fx1(x2)gx1−j1(x2 − j2)dx2
}
j2∈Zd
∥∥∥∥
ℓq
≤ ‖fx1‖Lq‖gx1−j1‖L∞ .
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Moreover, by Minkowshi’s inequality, we obtain
( ∑
j2∈Zd
∣∣∣∣
∫
R
∫
Rd
f(x1, x2)g(x1 − j1, x2 − j2)dx1dx2
∣∣∣∣
q)1/q
≤
( ∑
j2∈Zd
(∫
R
∣∣∣∣
∫
Rd
fx1(x2)gx1−j1(x2 − j2)dx2
∣∣∣∣dx1
)q)1/q
≤
∫
R
( ∑
j2∈Zd
∣∣∣∣
∫
Rd
fx1(x2)gx1−j1(x2 − j2)dx2
∣∣∣∣
q)1/q
dx1
≤
∫
R
‖fx1‖Lq‖gx1−j1‖L∞dx1.
Finally, the desired result follows from
∥∥∥∥
{∫
R
∫
Rd
f(x1, x2)g(x1 − j1, x2 − j2)dx1dx2
}
(j1,j2)∈Z×Zd
∥∥∥∥
ℓp,q
=
∥∥∥∥
( ∑
j2∈Zd
∣∣∣∣
∫
R
∫
Rd
fx1(x2)gx1−j1(x2 − j2)dx1dx2
∣∣∣∣
q)1/q∥∥∥∥
ℓp
≤
∥∥∥∥
{∫
R
‖fx1‖Lq‖gx1−j1‖L∞dx1
}
j1∈Z
∥∥∥∥
ℓp
≤
∥∥‖fx1‖Lq∥∥Lp∥∥‖gx1−j1‖L∞∥∥L∞
= ‖f‖Lp,q‖g‖L∞,∞ .
The proof is completed.
For function φ(x1, x2) ∈ L
2,2(R×Rd), the Fourier transform is defined as
φˆ(ξ, ξ˜) =
∫
R
∫
Rd
φ(x1, x2)e
−i(x1,x2)·(ξ,ξ˜)dx1dx2.
For Φ = (φ1, · · · , φr)
T and Ψ = (ψ1, · · · , ψs)
T, if φˆi(ξ, ξ˜)ψˆi′ (ξ, ξ˜) is integrable for any 1 ≤ i ≤ r
and 1 ≤ i
′
≤ s, define a r × s matrix
[Φˆ, Ψˆ](ξ, ξ˜) =
( ∑
j1∈Z
∑
j2∈Zd
φˆi(ξ + 2j1π, ξ˜ + 2j2π)ψˆi′ (ξ + 2j1π, ξ˜ + 2j2π)
)
1≤i≤r, 1≤i
′
≤s
.
Lemma 2.7 Suppose that Φ,Ψ ∈ L2,2(R×Rd), then [Φˆ, Ψˆ](ξ, ξ˜) is continuous.
Proof Since φi, ψi′ ∈ L
2,2 ⊂ L1,1 ⊂ L1,1(R×Rd), then φˆi and ψˆi′ are continuous.
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Let F (ξ, ξ˜) = φˆi(ξ, ξ˜)ψˆi′ (ξ, ξ˜). Then it follows from Poisson’s summation formula that∣∣∣∣ ∑
j1∈Z
∑
j2∈Zd
φˆi(ξ + 2j1π, ξ˜ + 2j2π)ψˆi′ (ξ + 2j1π, ξ˜ + 2j2π)
∣∣∣∣
=
∣∣∣∣ ∑
j1∈Z
∑
j2∈Zd
F (ξ + 2j1π, ξ˜ + 2j2π)
∣∣∣∣
=
∣∣∣∣ 12π
∑
j1∈Z
∑
j2∈Zd
Fˇ (j1, j2)e
−i(j1,j2)·(ξ,ξ˜)
∣∣∣∣
≤
1
2π
∑
j1∈Z
∑
j2∈Zd
|φi ∗ ψi′ (j1, j2)|
≤
1
2π
∑
j1∈Z
∑
j2∈Zd
∫
R
∫
Rd
|φi(x1, x2)| |ψi′ (j1 − x1, j2 − x2)|dx1dx2
=
1
2π
∑
j1∈Z
∑
j2∈Zd
∑
k1∈Z
∑
k2∈Zd
∫ 1
0
∫
[0,1]d
|φi(x1 + k1, x2 + k2)| |ψi′ (j1 − k1 − x1, j2 − k2 − x2)|dx1dx2
=
1
2π
∑
k1∈Z
∑
j1∈Z
∫ 1
0
(∫
[0,1]d
( ∑
k2∈Zd
|φi(x1 + k1, x2 + k2)|
)( ∑
j2∈Zd
|ψi′ (j1 − k1 − x1, j2 − x2)|
)
dx2
)
dx1
≤
1
2π
∑
k1∈Z
∑
j1∈Z
∫ 1
0
‖φi(x1 + k1, ·)‖L2‖ψi′ (j1 − k1 − x1, ·)‖L2dx1
=
1
2π
∫ 1
0
( ∑
k1∈Z
‖φi(x1 + k1, ·)‖L2
)(∑
j1∈Z
‖ψi′ (j1 − x1, ·)‖L2
)
dx1
≤
1
2π
‖φi‖L2,2‖ψi′ ‖L2,2 ,
which means that
∑
j1∈Z
∑
j2∈Zd
φˆi(ξ + 2j1π, ξ˜ + 2j2π)ψˆi′ (ξ + 2j1π, ξ˜ + 2j2π)
converges uniformly. Finally, [Φˆ, Ψˆ](ξ, ξ˜) is continuous.
Lemma 2.8 Let Φ = (φ1, · · · , φr)
T ∈ L2,2. Then the following statements are equivalent to
each other.
(i) rank
(
Φˆ(ξ + 2j1π, ξ˜ + 2j2π)
)
(j1,j2)∈Z×Zd
is a constant function on R×Rd.
(ii) rank[Φˆ, Φˆ](ξ, ξ˜) is a constant function on R×Rd.
(iii) There exists a positive constant C independent of ξ and ξ˜ such that
C−1[Φˆ, Φˆ](ξ, ξ˜) ≤ [Φˆ, Φˆ](ξ, ξ˜)[Φˆ, Φˆ](ξ, ξ˜)T ≤ C[Φˆ, Φˆ](ξ, ξ˜), (ξ, ξ˜) ∈ [−π, π]× [−π, π]d.
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Proof Let G =
(
Φˆ(ξ + 2j1π, ξ˜ + 2j2π)
)
(j1,j2)∈Z×Zd
. Note that GGT = [Φˆ, Φˆ](ξ, ξ˜). Then the
equivalence of (i) and (ii) holds. Now, we begin to prove the equivalence of (ii) and (iii).
Note that [Φˆ, Φˆ](ξ, ξ˜) is a positive semi-definite Hermite matrix. Then all eigenvalues of
[Φˆ, Φˆ](ξ, ξ˜) satisfy λi(ξ, ξ˜) ≥ 0, i = 1, · · · , r, which are assumed to be ordered as λ1(ξ, ξ˜) ≥
λ2(ξ, ξ˜) ≥ · · · ≥ λr(ξ, ξ˜).Moreover, there exist r×r matrices A(ξ, ξ˜) such that A(ξ, ξ˜)TA(ξ, ξ˜) =
Ir and
A(ξ, ξ˜)T[Φˆ, Φˆ](ξ, ξ˜)A(ξ, ξ˜) = diag
(
λ1(ξ, ξ˜), · · · , λr(ξ, ξ˜)
)
. (2.2)
Since [Φˆ, Φˆ](ξ, ξ˜) is continuous and 2π-periodic, then λi(ξ, ξ˜) are continuous and 2π-periodic
for all 1 ≤ i ≤ r.
Let k1(ξ, ξ˜) = rank[Φˆ, Φˆ](ξ, ξ˜). If (ii) holds, that is, k1(ξ, ξ˜) is a constant k1. Then
λi(ξ, ξ˜) > 0 for all (ξ, ξ˜) ∈ R×R
d and 1 ≤ i ≤ k1 and
λi(ξ, ξ˜) ≡ 0 for (ξ, ξ˜) ∈ R×R
d and k1 + 1 ≤ i ≤ r. (2.3)
Moreover, it follows from the continuity and periodicity of λi(ξ, ξ˜) that there exists a positive
constant C such that
C−1 ≤ λi(ξ, ξ˜) ≤ C for (ξ, ξ˜) ∈ R×R
d and 1 ≤ i ≤ k1. (2.4)
This together with (2.2) and (2.3) obtains (iii).
If (iii) holds, then it follows from (2.2) that
C−1λi(ξ, ξ˜) ≤ λi(ξ, ξ˜)
2 ≤ Cλi(ξ, ξ˜) for 1 ≤ i ≤ r and (ξ, ξ˜) ∈ R×R
d.
Thus either λi(ξ, ξ˜) = 0 or C
−1 ≤ λi(ξ, ξ˜) ≤ C. Hence, rank[Φˆ, Φˆ](ξ, ξ˜) is a constant by the
continuity. This completes the proof of (ii)⇔ (iii).
Lemma 2.9 Let Φ ∈ L2,2 satisfy rank
(
Φˆ(ξ + 2k1π, ξ˜ + 2k2π)
)
(k1,k2)∈Z×Zd
= k0 ≥ 1 for all
(ξ, ξ˜) ∈ R × Rd. Then there exists a finite set Λ = {(ηλ1 , ηλ2)} ⊂ [−π, π] × [−π, π]
d, r × r
2π-periodic nonsingular matrices P(ηλ1 ,ηλ2 )
(ξ, ξ˜) and (Kηλ1 ,Kηλ2 ) ⊂ Z × Z
d with cardinality
#(Kηλ1 ,Kηλ2 ) = k0, 2π-periodic C
∞ functions h(ηλ1 ,ηλ2 )
(ξ, ξ˜) on R × Rd, which satisfy the
following properties:
(i) There exist Ψ1,(ηλ1 ,ηλ2 )
and Ψ2,(ηλ1 ,ηλ2)
which are functions from Rd+1 to Ck0 and Cr−k0
respectively, defined by
P(ηλ1 ,ηλ2 )
(ξ, ξ˜)Φˆ(ξ, ξ˜) =
(
Ψˆ1,(ηλ1 ,ηλ2 )
(ξ, ξ˜)
Ψˆ2,(ηλ1 ,ηλ2 )
(ξ, ξ˜)
)
for (ξ, ξ˜) ∈ R×Rd. (2.5)
Moreover, for sufficiently small δ(ηλ1 ,ηλ2) > 0, one has
rank
(
Ψˆ1,(ηλ1 ,ηλ2 )
(ξ+2k1π, ξ˜+2k2π)
)
(k1,k2)∈(Kηλ1
,Kηλ2
)
= k0, (ξ, ξ˜) ∈ B
(
(ηλ1 , ηλ2), 2δ(ηλ1 ,ηλ2)
)
(2.6)
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and
Ψˆ2,(ηλ1 ,ηλ2 )(ξ, ξ˜) = 0, (ξ, ξ˜) ∈ B
(
(ηλ1 , ηλ2), 2δ(ηλ1 ,ηλ2)
)
+ 2π(Z× Zd). (2.7)
(ii) ∑
(ηλ1 ,ηλ2 )∈Λ
h(ηλ1 ,ηλ2 )(ξ, ξ˜) = 1, (ξ, ξ˜) ∈ R×R
d (2.8)
and
supp h(ηλ1 ,ηλ2 )
(ξ, ξ˜) ⊂ B
(
(ηλ1 , ηλ2), δ(ηλ1 ,ηλ2)
)
+ 2π(Z× Zd). (2.9)
Proof For any (η1, η2) ∈ [−π, π] × [−π, π]
d, there exists a r × r nonsingular matrix P(η1,η2), a
k0 × k0 nonsingular matrix A(η1,η2) and (Kη1 ,Kη2) ⊂ Z× Z
d with cardinality k0 such that
P(η1,η2)
(
Φˆ(η1 + 2k1π, η2 + 2k2π)
)
(k1,k2)∈(Kη1 ,Kη2)
=
(
A(η1,η2)
0
)
.
Write
P(η1,η2)
(
Φˆ(ξ + 2k1π, ξ˜ + 2k2π)
)
(k1,k2)∈(Kη1 ,Kη2)
=
(
A(η1,η2) +R1(ξ, ξ˜)
R2(ξ, ξ˜)
)
.
By the continuity of Φˆ, R1(ξ, ξ˜) and R2(ξ, ξ˜) are continuous, R1(η1, η2) = R2(η1, η2) = 0. Thus
sup
(ξ,ξ˜)∈B((η1 ,η2),5δ(η1,η2))
‖R1(ξ, ξ˜)‖+ ‖R2(ξ, ξ˜)‖
is sufficiently small for any sufficiently small δ(η1,η2) > 0. Let H(x, y) be a nonnegative C
∞
function on Rd+1 such that
H(x, y) =
{
1, if |(x, y)| ≤ 1,
0, if |(x, y)| ≥ 5/4 .
(2.10)
Then A(η1,η2) +H
(
(ξ − η1)/4δ(η1 ,η2), (ξ˜ − η2)/4δ(η1 ,η2)
)
R1(ξ, ξ˜) is a k0 × k0 nonsingular matrix
for all (ξ, ξ˜) ∈ R×Rd when δ(η1,η2) is chosen sufficiently small. For (ξ, ξ˜) ∈ R×R
d, set
α(η1,η2)(ξ, ξ˜) = A(η1,η2) +
∑
j1∈Z
∑
j2∈Zd
H
(
ξ + 2j1π − η1
4δ(η1 ,η2)
,
ξ˜ + 2j2π − η2
4δ(η1,η2)
)
R1(ξ + 2j1π, ξ˜ + 2j2π)
and
β(η1,η2)(ξ, ξ˜) =
∑
j1∈Z
∑
j2∈Zd
H
(
ξ + 2j1π − η1
2δ(η1,η2)
,
ξ˜ + 2j2π − η2
2δ(η1,η2)
)
R2(ξ + 2j1π, ξ˜ + 2j2π).
Then α(η1,η2)(ξ, ξ˜) is 2π-periodic and nonsingular when δ(η1,η2) is chosen sufficiently small. Let
P(η1,η2)(ξ, ξ˜) = P(η1,η2) +

 0 0
−β(η1,η2)(ξ, ξ˜)
(
α(η1,η2)(ξ, ξ˜)
)−1
0

P(η1,η2), (ξ, ξ˜) ∈ R×Rd.
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Then P(η1,η2)(ξ, ξ˜) is a r× r 2π-periodic nonsingular matrix for any (ξ, ξ˜) ∈ R×R
d. Note that
α(η1,η2)(ξ, ξ˜) = A(η1,η2) + R1(ξ, ξ˜) and β(η1,η2)(ξ, ξ˜) = R2(ξ, ξ˜) for (ξ, ξ˜) ∈ B
(
(η1, η2), 2δ(η1 ,η2)
)
.
Thus for any (ξ, ξ˜) ∈ B
(
(η1, η2), 2δ(η1 ,η2)
)
, one has
P(η1,η2)(ξ, ξ˜)
(
Φˆ(ξ + 2k1π, ξ˜ + 2k2π)
)
(k1,k2)∈(Kη1 ,Kη2)
=
(
A(η1,η2) +R1(ξ, ξ˜)
0
)
. (2.11)
Define Ψ1,(η1,η2) = (ψ1,(η1,η2),1, . . . , ψ1,(η1,η2),k0)
T and Ψ2,(η1,η2) = (ψ2,(η1,η2),1, . . . , ψ2,(η1,η2),r−k0)
T
by
(
Ψˆ1,(η1,η2)(ξ, ξ˜)
Ψˆ2,(η1,η2)(ξ, ξ˜)
)
= P(η1,η2)(ξ, ξ˜)Φˆ(ξ, ξ˜), (ξ, ξ˜) ∈ R×R
d. (2.12)
Recall that the Fourier coefficients of all entries of P(η1,η2)(ξ, ξ˜) belong to ℓ
1,1. Thus by Lemma
2.3, we obtain Ψ1,(η1,η2) ∈ L
1,1 and Ψ2,(η1,η2) ∈ L
2,2. By (2.11) and (2.12), we obtain
Ψˆ2,(η1,η2)(ξ + 2k1π, ξ˜ + 2k2π) = 0 for (ξ, ξ˜) ∈ B
(
(η1, η2), 2δ(η1 ,η2)
)
and (k1, k2) ∈ (Kη1 ,Kη2).
(2.13)
For (ξ, ξ˜) ∈ B
(
(η1, η2), 2δ(η1 ,η2)
)
, we have
rank
(
Ψˆ1,(η1,η2)(ξ + 2k1π, ξ˜ + 2k2π)
)
(k1,k2)∈(Kη1 ,Kη2)
= rank
(
A(η1,η2) +R1(ξ, ξ˜)
)
= k0
and
rank
(
A(η1,η2) +R1(ξ, ξ˜) Ψˆ1,(η1,η2)(ξ + 2k
′
1π, ξ˜ + 2k
′
2π)
0 Ψˆ2,(η1,η2)(ξ + 2k
′
1π, ξ˜ + 2k
′
2π)
)
(k
′
1,k
′
2)∈(Z×Z
d)\(Kη1 ,Kη2)
= rank
(
Ψˆ1,(η1,η2)(ξ + 2k1π, ξ˜ + 2k2π)
Ψˆ2,(η1,η2)(ξ + 2k1π, ξ˜ + 2k2π)
)
(k1,k2)∈Z×Zd
= rank
(
Φˆ(ξ + 2k1π, ξ˜ + 2k2π)
)
(k1,k2)∈Z×Zd
= k0.
Thus Ψˆ2,(η1,η2)(ξ + 2k
′
1π, ξ˜ + 2k
′
2π) = 0 for (ξ, ξ˜) ∈ B
(
(η1, η2), 2δ(η1 ,η2)
)
and (k
′
1, k
′
2) ∈ (Z ×
Zd)\(Kη1 ,Kη2). This together with (2.13) obtains
Ψˆ2,(η1,η2)(ξ, ξ˜) = 0 for (ξ, ξ˜) ∈ B
(
(η1, η2), 2δ(η1 ,η2)
)
+ 2π(Z× Zd).
For the family
{
B
(
(η1, η2), δ(η1,η2)/2
)
: (η1, η2) ∈ [−π, π]× [−π, π]
d
}
, it follows from finite
covering theorem that there exists a finite set Λ ⊂ [−π, π]× [−π, π]d such that⋃
(ηλ1 ,ηλ2 )∈Λ
B
(
(ηλ1 , ηλ2), δ(ηλ1 ,ηλ2 )
/2
)
⊃ [−π, π]× [−π, π]d.
Then, there exist 2π-periodic C∞ functions h(ηλ1 ,ηλ2)(ξ, ξ˜) such that (2.8) and (2.9) hold.
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Lemma 2.10 Let φ ∈ Lp,q if 1 ≤ p, q < ∞ and φ ∈ W(L1,1) if p = ∞ or q = ∞. Assume
that
∑
j1∈Z
∑
j2∈Zd
φ(· − j1, · − j2) = 0. Then for 0 < ε1, ε2 < 1 and any function h on R ×R
d
satisfying
|h(x1, y1)−h(x2, y2)| ≤ C|x1−x2| |y1−y2|
(
1+min(|x1|, |x2|)
)−1−ε1(
1+min(|y1|, |y2|)
)−d−ε2
,
(2.14)
we obtain
lim
n→∞
2−n(d+1)
∥∥∥ ∑
j1∈Z
∑
j2∈Zd
h(2−nj1, 2
−nj2)φ(· − j1, · − j2)
∥∥∥
Lp,q
= 0. (2.15)
Proof For m ∈ Zd, let |m| = max{|m1|, |m2|, · · · , |md|}. If 1 ≤ p, q < ∞, then for any ε > 0,
there exists a positive integer N such that
∥∥∥∥ ∑
|j1|≥N
(∫
[0,1]d
( ∑
j2∈Zd
∣∣∣φ(x1 + j1, x2 + j2)∣∣∣
)q
dx2
)1/q∥∥∥∥
Lp([0,1])
≤
ε
4
(2.16)
and ∥∥∥∥ ∑
|j1|<N
(∫
[0,1]d
( ∑
|j2|≥N
∣∣∣φ(x1 + j1, x2 + j2)∣∣∣
)q
dx2
)1/q∥∥∥∥
Lp([0,1])
≤
ε
4
. (2.17)
Set
φ1(x1, x2) = φ(x1, x2)χON0 (x1, x2)
+
( ∑
|j1|≥N
∑
|j2|≥N
+
∑
|j1|≥N
∑
|j2|<N
+
∑
|j1|<N
∑
|j2|≥N
)
φ(x1 + j1, x2 + j2)χ[0,1]×[0,1]d(x1, x2),
where ON0 =
⋃
{|j1|<N, |j2|<N}
(
(j1, j2) + [0, 1] × [0, 1]
d
)
. Then for (x1, x2) ∈ [0, 1] × [0, 1]
d,
∑
j1∈Z
∑
j2∈Zd
φ1(x1 − j1, x2 − j2) =: I1 + I2. (2.18)
It is easy to verify that
I1 =
∑
j1∈Z
∑
j2∈Zd
φ(x1 − j1, x2 − j2)χON0 (x1 − j1, x2 − j2)
=
∑
|j1|<N
∑
|j2|<N
φ(x1 − j1, x2 − j2), (2.19)
I2 =
∑
j1∈Z
∑
j2∈Zd
( ∑
|k1|≥N
∑
|k2|≥N
+
∑
|k1|≥N
∑
|k2|<N
+
∑
|k1|<N
∑
|k2|≥N
)
×φ(x1 + k1 − j1, x2 + k2 − j2)χ[0,1]×[0,1]d(x1 − j1, x2 − j2)
=
( ∑
|k1|≥N
∑
|k2|≥N
+
∑
|k1|≥N
∑
|k2|<N
+
∑
|k1|<N
∑
|k2|≥N
)
φ(x1 + k1, x2 + k2).
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This together with (2.18) and (2.19) obtains∑
j1∈Z
∑
j2∈Zd
φ1(x1 − j1, x2 − j2) =
∑
j1∈Z
∑
j2∈Zd
φ(x1 − j1, x2 − j2) = 0. (2.20)
Moreover, we obtain
‖φ1 − φ‖Lp,q =
∥∥∥∥ ∑
j1∈Z
(∫
[0,1]d
( ∑
j2∈Zd
∣∣∣∣φ(x1 − j1, x2 − j2)χON0 (x1 − j1, x2 − j2)
+
( ∑
|k1|≥N
∑
|k2|≥N
+
∑
|k1|≥N
∑
|k2|<N
+
∑
|k1|<N
∑
|k2|≥N
)
φ(x1 + k1 − j1, x2 + k2 − j2)
×χ[0,1]×[0,1]d(x1 − j1, x2 − j2)− φ(x1 − j1, x2 − j2)
∣∣∣∣
)q
dx2
)1/q∥∥∥∥
Lp([0,1])
≤ E1 + E2.
Next, we discuss E1 and E2 respectively. In fact, one has
E1 =
∥∥∥∥ ∑
|j1|≥N
(∫
[0,1]d
( ∑
j2∈Zd
∣∣∣∣φ(x1 − j1, x2 − j2)χON0 (x1 − j1, x2 − j2)
+
( ∑
|k1|≥N
∑
|k2|≥N
+
∑
|k1|≥N
∑
|k2|<N
+
∑
|k1|<N
∑
|k2|≥N
)
φ(x1 + k1 − j1, x2 + k2 − j2)
×χ[0,1]×[0,1]d(x1 − j1, x2 − j2)− φ(x1 − j1, x2 − j2)
∣∣∣∣
)q
dx2
)1/q∥∥∥∥
Lp([0,1])
=
∥∥∥∥ ∑
|j1|≥N
(∫
[0,1]d
( ∑
j2∈Zd
∣∣∣φ(x1 − j1, x2 − j2)∣∣∣
)q
dx2
)1/q∥∥∥∥
Lp([0,1])
≤
ε
4
, (2.21)
E2 =
∥∥∥∥ ∑
|j1|<N
(∫
[0,1]d
( ∑
j2∈Zd
∣∣∣∣φ(x1 − j1, x2 − j2)χON0 (x1 − j1, x2 − j2)
+
( ∑
|k1|≥N
∑
|k2|≥N
+
∑
|k1|≥N
∑
|k2|<N
+
∑
|k1|<N
∑
|k2|≥N
)
φ(x1 + k1 − j1, x2 + k2 − j2)
×χ[0,1]×[0,1]d(x1 − j1, x2 − j2)− φ(x1 − j1, x2 − j2)
∣∣∣∣
)q
dx2
)1/q∥∥∥∥
Lp([0,1])
≤ E21 + E22,
where
E21 =
∥∥∥∥ ∑
|j1|<N
(∫
[0,1]d
( ∑
|j2|<N
∣∣∣∣φ(x1 − j1, x2 − j2)χON0 (x1 − j1, x2 − j2)
+
( ∑
|k1|≥N
∑
|k2|≥N
+
∑
|k1|≥N
∑
|k2|<N
+
∑
|k1|<N
∑
|k2|≥N
)
φ(x1 + k1 − j1, x2 + k2 − j2)
×χ[0,1]×[0,1]d(x1 − j1, x2 − j2)− φ(x1 − j1, x2 − j2)
∣∣∣∣
)q
dx2
)1/q∥∥∥∥
Lp([0,1])
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=∥∥∥∥
(∫
[0,1]d
∣∣∣∣
( ∑
|k1|≥N
∑
|k2|≥N
+
∑
|k1|≥N
∑
|k2|<N
+
∑
|k1|<N
∑
|k2|≥N
)
φ(x1 + k1, x2 + k2)
∣∣∣∣
q
dx2
)1/q∥∥∥∥
Lp([0,1])
≤
∥∥∥∥ ∑
|k1|≥N
(∫
[0,1]d
( ∑
k2∈Zd
∣∣∣φ(x1 + k1, x2 + k2)∣∣∣
)q
dx2
)1/q∥∥∥∥
Lp([0,1])
+
∥∥∥∥ ∑
|k1|<N
(∫
[0,1]d
( ∑
|k2|≥N
∣∣∣φ(x1 + k1, x2 + k2)∣∣∣
)q
dx2
)1/q∥∥∥∥
Lp([0,1])
≤
ε
4
+
ε
4
=
ε
2
(2.22)
and
E22 =
∥∥∥∥ ∑
|j1|<N
(∫
[0,1]d
( ∑
|j2|≥N
∣∣∣∣φ(x1 − j1, x2 − j2)χON0 (x1 − j1, x2 − j2)
+
( ∑
|k1|≥N
∑
|k2|≥N
+
∑
|k1|≥N
∑
|k2|<N
+
∑
|k1|<N
∑
|k2|≥N
)
φ(x1 + k1 − j1, x2 + k2 − j2)
×χ[0,1]×[0,1]d(x1 − j1, x2 − j2)− φ(x1 − j1, x2 − j2)
∣∣∣∣
)q
dx2
)1/q∥∥∥∥
Lp([0,1])
=
∥∥∥∥ ∑
|j1|<N
(∫
[0,1]d
( ∑
|j2|≥N
∣∣∣φ(x1 − j1, x2 − j2)∣∣∣
)q
dx2
)1/q∥∥∥∥
Lp([0,1])
≤
ε
4
.
This together with (2.21) and (2.22) obtains
‖φ1 − φ‖Lp,q ≤ ε.
Therefore, using (2.14), (2.20) and the fact that
supp φ1 ⊂
{(
(j1, j2) + [0, 1] × [0, 1]
d
)
: |j1| ≤ N, |j2| ≤ N
}
, (2.23)
we obtain
2−n(d+1)p
∥∥∥∥ ∑
j1∈Z
∑
j2∈Zd
h(2−nj1, 2
−nj2)φ1(x1 − j1 + k1, x2 − j2 + k2)
∥∥∥∥
p
Lp,q
= 2−n(d+1)p
∫
[0,1]
( ∑
k1∈Z
(∫
[0,1]d
( ∑
k2∈Zd
∣∣∣ ∑
j1∈Z
∑
j2∈Zd
(
h(2−nj1, 2
−nj2)− h(2
−nk1, 2
−nk2)
)
φ1(x1 − j1 + k1, x2 − j2 + k2)
∣∣∣)qdx2
)1/q)p
dx1
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≤ Cp2−n(d+1)p
∫
[0,1]
( ∑
k1∈Z
(∫
[0,1]d
( ∑
k2∈Zd
∑
j1∈Z
∑
j2∈Zd
∣∣∣2−nj1 − 2−nk1∣∣∣ ∣∣∣2−nj2 − 2−nk2∣∣∣
(
1 +min(|2−nj1|, |2
−nk1|)
)−1−ε1(
1 +min(|2−nj2|, |2
−nk2|)
)−d−ε2
∣∣∣φ1(x1 − j1 + k1, x2 − j2 + k2)∣∣∣
)q
dx2
)1/q)p
dx1
≤ Cp1 (N)C
p2−n(d+1)p2−2np
∫
[0,1]
( ∑
k1∈Z
(∫
[0,1]d
( ∑
k2∈Zd
∑
|j1−k1|<N
∑
|j2−k2|<N
(
1 + 2−n|k1|
)−1−ε1
(
1 + 2−n|k2|
)−d−ε2∣∣∣φ1(x1 − j1 + k1, x2 − j2 + k2)∣∣∣
)q
dx2
)1/q)p
dx1
≤ Cp1 (N)C
p2−n(d+1)p2−2np
∫
[0,1]
( ∑
k1∈Z
(
1 + 2−n|k1|
)−1−ε1(∫
[0,1]d
( ∑
k2∈Zd
(
1 + 2−n|k2|
)−d−ε2
∑
|j1−k1|<N
∑
|j2−k2|<N
∣∣∣φ1(x1 − j1 + k1, x2 − j2 + k2)∣∣∣
)q
dx2
)1/q)p
dx1
≤ 2n(1+ε1)p2n(d+ε2)p2−n(d+1)p2−2npCpCp(N)‖φ1‖
p
Lp,q
≤ 2n(ε1−1)p2n(ε2−1)pCpCp(N)
(
‖φ‖Lp,q + ε
)p
,
where C(N) is a positive constant depending only on N, d, ε1 and ε2, C is the constant in
(2.14). Then, (2.15) holds.
If p =∞ or q =∞, then for any ε > 0, there exists a positive integer N such that
∑
|j1|≥N
sup
x1∈[0,1]
∑
j2∈Zd
sup
x2∈[0,1]d
∣∣∣φ(x1 + j1, x2 + j2)∣∣∣ ≤ ε
4
, (2.24)
∑
|j1|<N
sup
x1∈[0,1]
∑
|j2|≥N
sup
x2∈[0,1]d
∣∣∣φ(x1 + j1, x2 + j2)∣∣∣ ≤ ε
4
. (2.25)
Moreover, we can obtain
‖φ1 − φ‖W(L1,1) =
∑
j1∈Z
sup
x1∈[0,1]
∑
j2∈Zd
sup
x2∈[0,1]d
∣∣∣∣φ(x1 − j1, x2 − j2)χON0 (x1 − j1, x2 − j2)
+
( ∑
|k1|≥N
∑
|k2|≥N
+
∑
|k1|≥N
∑
|k2|<N
+
∑
|k1|<N
∑
|k2|≥N
)
φ(x1 + k1 − j1, x2 + k2 − j2)
×χ[0,1]×[0,1]d(x1 − j1, x2 − j2)− φ(x1 − j1, x2 − j2)
∣∣∣∣
≤ F1 + F2.
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Furthermore, we estimate F1 and F2, respectively. In fact, one has
F1 =
∑
|j1|≥N
sup
x1∈[0,1]
∑
j2∈Zd
sup
x2∈[0,1]d
∣∣∣∣φ(x1 − j1, x2 − j2)χON0 (x1 − j1, x2 − j2)
+
( ∑
|k1|≥N
∑
|k2|≥N
+
∑
|k1|≥N
∑
|k2|<N
+
∑
|k1|<N
∑
|k2|≥N
)
φ(x1 + k1 − j1, x2 + k2 − j2)
×χ[0,1]×[0,1]d(x1 − j1, x2 − j2)− φ(x1 − j1, x2 − j2)
∣∣∣∣
=
∑
|j1|≥N
sup
x1∈[0,1]
∑
j2∈Zd
sup
x2∈[0,1]d
∣∣∣φ(x1 − j1, x2 − j2)∣∣∣
≤
ε
4
, (2.26)
F2 =
∑
|j1|<N
sup
x1∈[0,1]
∑
j2∈Zd
sup
x2∈[0,1]d
∣∣∣∣φ(x1 − j1, x1 − j2)χON0 (x1 − j1, x2 − j2)
+
( ∑
|k1|≥N
∑
|k2|≥N
+
∑
|k1|≥N
∑
|k2|<N
+
∑
|k1|<N
∑
|k2|≥N
)
φ(x1 + k1 − j1, x2 + k2 − j2)
×χ[0,1]×[0,1]d(x1 − j1, x2 − j2)− φ(x1 − j1, x2 − j2)
∣∣∣∣
≤ F21 + F22,
where
F21 =
∑
|j1|<N
sup
x1∈[0,1]
∑
|j2|<N
sup
x2∈[0,1]d
∣∣∣∣φ(x1 − j1, x2 − j2)χON0 (x1 − j1, x2 − j2)
+
( ∑
|k1|≥N
∑
|k2|≥N
+
∑
|k1|≥N
∑
|k2|<N
+
∑
|k1|<N
∑
|k2|≥N
)
φ(x1 + k1 − j1, x2 + k2 − j2)
×χ[0,1]×[0,1]d(x1 − j1, x2 − j2)− φ(x1 − j1, x2 − j2)
∣∣∣∣
= sup
x1∈[0,1]
sup
x2∈[0,1]d
∣∣∣∣
( ∑
|k1|≥N
∑
|k2|≥N
+
∑
|k1|≥N
∑
|k2|<N
+
∑
|k1|<N
∑
|k2|≥N
)
φ(x1 + k1, x2 + k2)
∣∣∣∣
≤
∑
|k1|≥N
sup
x1∈[0,1]
∑
k2∈Zd
sup
x2∈[0,1]d
∣∣∣φ(x1 + k1, x2 + k2)∣∣∣+
∑
|k1|<N
sup
x1∈[0,1]
∑
|k2|≥N
sup
x2∈[0,1]d
∣∣∣φ(x1 + k1, x2 + k2)∣∣∣
≤
ε
4
+
ε
4
=
ε
2
(2.27)
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and
F22 =
∑
|j1|<N
sup
x1∈[0,1]
∑
|j2|≥N
sup
x2∈[0,1]d
∣∣∣∣φ(x1 − j1, x2 − j2)χON0 (x1 − j1, x2 − j2)
+
( ∑
|k1|≥N
∑
|k2|≥N
+
∑
|k1|≥N
∑
|k2|<N
+
∑
|k1|<N
∑
|k2|≥N
)
φ(x1 + k1 − j1, x2 + k2 − j2)
×χ[0,1]×[0,1]d(x1 − j1, x2 − j2)− φ(x1 − j1, x2 − j2)
∣∣∣∣
=
∑
|j1|<N
sup
x1∈[0,1]
∑
|j2|≥N
sup
x2∈[0,1]d
∣∣∣φ(x1 − j1, x2 − j2)∣∣∣
≤
ε
4
.
This together with (2.26) and (2.27) obtains
‖φ1 − φ‖W(L1,1) ≤ ε.
Finally, using (2.14), (2.20) and (2.23) and a similar method as the first case, we can obtain
2−n(d+1)
∥∥∥ ∑
j1∈Z
∑
j2∈Zd
h(2−nj1, 2
−nj2)φ1(x1 − j1 + k1, x2 − j2 + k2)
∥∥∥
L∞,∞
≤ 2−n(d+1) sup
x1∈[0,1]
∑
k1∈Z
sup
x2∈[0,1]d
∑
k2∈Zd
∑
j1∈Z
∑
j2∈Zd
∣∣∣h(2−nj1, 2−nj2)− h(2−nk1, 2−nk2)∣∣∣
∣∣∣φ1(x1 − j1 + k1, x2 − j2 + k2)∣∣∣
≤ C1(N)C2
−n(d+1)2−2n sup
x1∈[0,1]
∑
k1∈Z
sup
x2∈[0,1]d
∑
k2∈Zd
∑
|j1−k1|<N
∑
|j2−k2|<N
(
1 +min(|2−nj1|, |2
−nk1|)
)−1−ε1
(
1 +min(|2−nj2|, |2
−nk2|)
)−d−ε2∣∣∣φ1(x1 − j1 + k1, x2 − j2 + k2)∣∣∣
≤ C1(N)C2
−n(d+1)2−2n sup
x1∈[0,1]
∑
k1∈Z
(
1 + 2−n|k1|
)−1−ε1
sup
x2∈[0,1]d
∑
k2∈Zd
(
1 + 2−n|k2|
)−d−ε2
∑
|j1−k1|<N
∑
|j2−k2|<N
∣∣∣φ1(x1 − j1 + k1, x2 − j2 + k2)∣∣∣
≤ 2n(1+ε1)2n(d+ε2)2−n(d+1)2−2nCC(N)‖φ1‖W(L1,1)
≤ 2n(ε1−1)2n(ε2−1)CC(N)
(
‖φ‖W(L1,1) + ε
)
.
This together with the fact that L∞,∞ ⊂ Lp,∞ and L∞,∞ ⊂ L∞,q proves (2.15) for the cases
p =∞ or q =∞.
3 Main results
In this section, we will give the main result of this paper and its proofs.
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Theorem 3.1 Let Φ = (φ1, · · · , φr)
T ∈ L∞,∞ if 1 < p, q < ∞ and Φ ∈ W(L1,1) if p = 1,∞
or q = 1,∞. Then the following statements are equivalent to each other.
(i) Vp,q(Φ) is closed in L
p,q(R×Rd).
(ii)
{
φi(· − j1, · − j2) : (j1, j2) ∈ Z× Z
d, 1 ≤ i ≤ r
}
is a (p, q)-frame for Vp,q(Φ), i.e., there
exists a positive constant A (depending on p, q and Φ) such that
A−1‖f‖Lp,q ≤
r∑
i=1
∥∥∥∥∥
(∫
R
∫
Rd
f(x1, x2)φi(x1 − j1, x2 − j2)dx1dx2
)
(j1,j2)∈Z×Zd
∥∥∥∥∥
ℓp,q
≤ A‖f‖Lp,q
(3.1)
holds for any f ∈ Vp,q(Φ).
(iii) There exists a positive constant C such that
C−1[Φˆ, Φˆ](ξ, ξ˜) ≤ [Φˆ, Φˆ](ξ, ξ˜)[Φˆ, Φˆ](ξ, ξ˜)T ≤ C[Φˆ, Φˆ](ξ, ξ˜), (ξ, ξ˜) ∈ [−π, π]× [−π, π]d.
(iv) There exists a positive constant B (depending on p,q and Φ) such that
B−1‖f‖Lp,q ≤ inf
f=
r∑
i=1
φi∗
′
Di
r∑
i=1
‖Di‖ℓp,q ≤ B‖f‖Lp,q for f ∈ Vp,q(Φ). (3.2)
(v) There exists Ψ = (ψ1, · · · , ψr)
T ∈ L∞,∞ if 1 < p, q < ∞ and Ψ ∈ W(L1,1) if p = 1,∞
or q = 1,∞ such that for any f ∈ Vp,q(Φ),
f =
r∑
i=1
∑
j1∈Z
∑
j2∈Zd
〈f, ψi(· − j1, · − j2)〉φi(· − j1, · − j2)
=
r∑
i=1
∑
j1∈Z
∑
j2∈Zd
〈f, φi(· − j1, · − j2)〉ψi(· − j1, · − j2).
(3.3)
3.1 Proof of (v) =⇒ (iv)
Let f =
r∑
i=1
∑
j1∈Z
∑
j2∈Zd
〈f, ψi(· − j1, · − j2)〉φi(· − j1, · − j2). Then using Lemma 2.6, we obtain
inf
f=
r∑
i=1
φi∗
′Di
r∑
i=1
‖Di‖ℓp,q ≤
r∑
i=1
∥∥∥{ < f,ψi(· − j1, · − j2) > }
(j1,j2)∈Z×Zd
∥∥∥
ℓp,q
≤
( r∑
i=1
‖ψi‖L∞,∞
)
‖f‖Lp,q . (3.4)
If f =
r∑
i=1
φi ∗
′
Di ∈ Vp,q(Φ), then by Lemma 2.1, we obtain
‖f‖Lp,q =
∥∥∥∥
r∑
i=1
φi ∗
′
Di
∥∥∥∥
Lp,q
≤
r∑
i=1
∥∥∥φi ∗′ Di∥∥∥
Lp,q
≤
( r∑
i=1
‖φi‖L∞,∞
)( r∑
i=1
‖Di‖ℓp,q
)
.
This together with (3.4) proves the inequality (3.2) for B = max
{
r∑
i=1
‖ψi‖L∞,∞ ,
r∑
i=1
‖φi‖L∞,∞
}
.
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3.2 Proof of (iv) =⇒ (i)
Lemma 3.2 [1] Let (X, ‖ · ‖X) and (Y, ‖ · ‖Y ) be two Banach spaces, T be a bounded linear
operator from X to Y . If there exists a positive constant C such that
C−1‖y‖Y ≤ inf
y=Tx
‖x‖X ≤ C‖y‖Y for y ∈ Ran(T ),
then Ran(T ) is closed.
Proof of (iv) =⇒ (i). Take X = (ℓp,q)r and Y = Lp,q(R×Rd). Define T : X → Y by
(Tc)(x, y) =
r∑
i=1
∑
j1∈Z
∑
j2∈Zd
ci(j1, j2)φi(x− j1, y − j2)
for c = (c1, · · · , cr)
T ∈ (ℓp,q)r. Then Ran(T ) = Vp,q(Φ). Finally, it follows from Lemma 3.2
and (3.2) that (i) holds.
3.3 Proof of (i)⇒ (iii)
Let k0 = min
(ξ,ξ˜)∈R×Rd
rank
(
Φˆ(ξ + 2k1π, ξ˜ + 2k2π)
)
(k1,k2)∈Z×Zd
and Ωk0 =
{
(ξ, ξ˜) : rank
(
Φˆ(ξ +
2k1π, ξ˜ + 2k2π)
)
(k1,k2)∈Z×Zd
> k0
}
. Then Ωk0 6= R
d+1. By Lemma 2.8, it suffices to prove
that Ωk0 = ∅. On the contrary, suppose that Ωk0 6= ∅. Then it suffices to construct a func-
tion G in the Lp,q-closure of Vp,q(Φ) such that G cannot be written as
r∑
i=1
φi ∗
′
Di for some
Di ∈ ℓ
p,q, 1 ≤ i ≤ r. Note that Ωk0 is an open set. Then the boundary ∂Ωk0 of Ωk0 is nonempty.
For any (ξ0, ξ˜0) ∈ ∂Ωk0 , rank
(
Φˆ(ξ0 + 2k1π, ξ˜0 + 2k2π)
)
(k1,k2)∈Z×Zd
= k0 and
max
(ξ,ξ˜)∈B((ξ0 ,ξ˜0),δ)
rank
(
Φˆ(ξ + 2k1π, ξ˜ + 2k2π)
)
(k1,k2)∈Z×Zd
> k0 for δ > 0.
Similar to the proof of Lemma 2.9, there exists a r×r 2π-periodic nonsingular matrix P(ξ0,ξ˜0)(ξ, ξ˜)
and (Kξ0 ,Kξ˜0) ⊂ Z× Z
d with cardinality #(Kξ0 ,Kξ˜0) = k0 such that Ψ(ξ0,ξ˜0) defined by
Ψˆ(ξ0,ξ˜0)(ξ, ξ˜) =
(
Ψˆ1,(ξ0,ξ˜0)(ξ, ξ˜)
Ψˆ2,(ξ0,ξ˜0)(ξ, ξ˜)
)
= P(ξ0,ξ˜0)(ξ, ξ˜)Φˆ(ξ, ξ˜)
satisfies
rank
(
Ψˆ1,(ξ0,ξ˜0)(ξ + 2k1π, ξ˜ + 2k2π)
)
(k1,k2)∈(Kξ0 ,Kξ˜0
)
= k0 for (ξ, ξ˜) ∈ B
(
(ξ0, ξ˜0), 2δ(ξ0 ,ξ˜0)
)
,
(3.5)
Ψˆ2,(ξ0,ξ˜0)(ξ0 + 2k1π, ξ˜0 + 2k2π) = 0 for (k1, k2) ∈ Z× Z
d, (3.6)
Ψˆ2,(ξ0,ξ˜0)(ξ + 2k1π, ξ˜ + 2k2π) = 0 for (k1, k2) ∈ (Kξ0 ,Kξ˜0) and (ξ, ξ˜) ∈ B
(
(ξ0, ξ˜0), 2δ(ξ0 ,ξ˜0)
)
(3.7)
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and
Ψˆ2,(ξ0,ξ˜0)(ξ, ξ˜) 6≡ 0 on B
(
(ξ0, ξ˜0), δ
)
+ 2π(Z× Zd) (3.8)
for all 0 < δ < 2δ(ξ0,ξ˜0). Since the Fourier coefficients of P(ξ0,ξ˜0)(ξ, ξ˜) belong to ℓ
1,1 and
Φ ∈ L∞,∞ (or Φ ∈ W(L1,1)), we have Ψ(ξ0,ξ˜0) ∈ L
∞,∞ (or Ψ(ξ0,ξ˜0) ∈ W(L
1,1)). This together
with (3.6) and the Poisson’s summation formula leads to∑
j1∈Z
∑
j2∈Zd
e−i(ξ0,ξ˜0)·(·+j1,·+j2)Ψ2,(ξ0,ξ˜0)(·+ j1, ·+ j2)
. =
∑
j1∈Z
∑
j2∈Zd
Ψˆ2,(ξ0,ξ˜0)(ξ0 + 2πj1, ξ˜0 + 2πj2)e
−i2π(j1,j2)·(·,·)
= 0. (3.9)
Let H be a nonnegative C∞ function satisfying (2.10) and
Hn,(ξ0,ξ˜0)(ξ, ξ˜) =
∑
k1∈Z
∑
k2∈Zd
H
(
2n(ξ + 2k1π − ξ0), 2
n(ξ˜ + 2k2π − ξ˜0)
)
, n ≥ 2.
Define an operator Tn,(ξ0,ξ˜0) from (ℓ
p,q)r−k0 to Lp,q by
Tn,(ξ0,ξ˜0) : D = (D1, · · · ,Dr−k0)
T →
r−k0∑
i=1
(
ψ2,(ξ0,ξ˜0),i ∗
′
hn,(ξ0,ξ˜0)
)
∗
′
Di,
where hn,(ξ0,ξ˜0) denotes the sequence of the Fourier coefficients of the 2π-periodic function
Hn,(ξ0,ξ˜0)(ξ, ξ˜) and Ψ2,(ξ0,ξ˜0) = (ψ2,(ξ0,ξ˜0),1, · · · , ψ2,(ξ0,ξ˜0),r−k0)
T. By (3.9), Lemma 2.1 and
Lemma 2.10, we obtain
‖Tn,(ξ0,ξ˜0)D‖Lp,q ≤
r−k0∑
i=1
∥∥∥∥(ψ2,(ξ0,ξ˜0),i ∗′ hn,(ξ0,ξ˜0)
)
∗′ Di
∥∥∥∥
Lp,q
≤
r−k0∑
i=1
‖Di‖ℓp,q‖ψ2,(ξ0,ξ˜0),i ∗
′ hn,(ξ0,ξ˜0)‖Lp,q
=
r−k0∑
i=1
‖Di‖ℓp,q
∥∥∥ ∑
j1∈Z
∑
j2∈Zd
hn,(ξ0,ξ˜0)(j1, j2)ψ2,(ξ0,ξ˜0),i(· − j1, · − j2)
∥∥∥
Lp,q
. (3.10)
Moreover, we can obtain
hn,(ξ0,ξ˜0)(j1, j2) =
∫ π
−π
∫
[−π,π]d
Hn,(ξ0,ξ˜0)(ξ, ξ˜)e
−i(j1,j2)·(ξ,ξ˜)dξdξ˜
=
∑
k1∈Z
∑
k2∈Zd
∫ π
−π
∫
[−π,π]d
H
(
2n(ξ + 2k1π − ξ0), 2
n(ξ˜ + 2k2π − ξ˜0)
)
e−i(j1,j2)·(ξ,ξ˜)dξdξ˜
= e−i(j1,j2)·(ξ0,ξ˜0)
∫
R
∫
Rd
H(2nξ, 2nξ˜)e−i(j1,j2)·(ξ,ξ˜)dξdξ˜
= 2−n(d+1)e−i(j1,j2)·(ξ0,ξ˜0)
∫
R
∫
Rd
H(ξ, ξ˜)e−i(j1,j2)·(2
−nξ,2−nξ˜)dξdξ˜
= e−i(j1,j2)·(ξ0,ξ˜0)2−n(d+1)Hˆ(2−nj1, 2
−nj2).
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This together with (3.9) and (3.10) obtains
‖Tn,(ξ0,ξ˜0)D‖Lp,q ≤ ‖D‖ℓp,q2
−n(d+1)
∥∥∥ ∑
j1∈Z
∑
j2∈Zd
Hˆ(2−nj1, 2
−nj2)e
−i(ξ0,ξ˜0)·(·+j1,·+j2)Ψ2,(ξ0,ξ˜0)(·+j1, ·+j2)
∥∥∥
Lp,q
.
Then it follows from Lemma 2.10 that
lim
n→∞
‖Tn,(ξ0,ξ˜0)‖ = 0. (3.11)
Let H˜(x1, x2) = H(2x1, 2x2)−H(8x1, 8x2) and define
H˜n,(ξ0,ξ˜0)(ξ, ξ˜) =
∑
k1∈Z
∑
k2∈Zd
H˜
(
2n(ξ + 2k1π − ξ0), 2
n(ξ˜ + 2k2π − ξ˜0)
)
, n ≥ 2.
Then for n ≥ 4, we have
H˜n,(ξ0,ξ˜0)(ξ, ξ˜)Hn,(ξ0,ξ˜0)(ξ, ξ˜) = H˜n,(ξ0,ξ˜0)(ξ, ξ˜). (3.12)
Define an operator T˜n,(ξ0,ξ˜0) from (ℓ
p,q)r−k0 to Lp,q by
T˜n,(ξ0,ξ˜0) : D = (D1, · · · ,Dr−k0)
T →
r−k0∑
i=1
(
ψ2,(ξ0,ξ˜0),i ∗
′
h˜n,(ξ0,ξ˜0)
)
∗
′
Di, (3.13)
where h˜n,(ξ0,ξ˜0) denotes the sequence of the Fourier coefficients of the 2π-periodic function
H˜n,(ξ0,ξ˜0)(ξ, ξ˜). Note that
H˜n,(ξ0,ξ˜0)(ξ, ξ˜) = Hn+1,(ξ0,ξ˜0)(ξ, ξ˜)−Hn+3,(ξ0,ξ˜0)(ξ, ξ˜).
Then it follows from (3.11) that
‖T˜n,(ξ0,ξ˜0)‖ = ‖Tn+1,(ξ0,ξ˜0) − Tn+3,(ξ0,ξ˜0)‖
≤ ‖Tn+1,(ξ0,ξ˜0)‖+ ‖Tn+3,(ξ0,ξ˜0)‖
→ 0, as n→∞. (3.14)
By (3.8) and (3.11), there exists a subsequence nℓ, ℓ ≥ 1 such that nℓ+1 ≥ nℓ + 8,
‖T˜nℓ,(ξ0,ξ˜0)‖ 6= 0 and
5∑
k=0
‖Tnℓ+k,(ξ0,ξ˜0)‖ ≤ 2
−ℓ. (3.15)
Let Dnℓ ∈ (ℓ
p,q)r−k0 be chosen such that
‖Dnℓ‖ℓp,q = 1 and ‖T˜nℓ,(ξ0,ξ˜0)Dnℓ‖L
p,q ≥ ‖T˜nℓ,(ξ0,ξ˜0)‖/2. (3.16)
For sufficiently large ℓ1 and s ≥ ℓ1, define Gs and G by
Gˆs(ξ, ξ˜) =
s∑
ℓ=ℓ1
ℓ
(
Hnℓ,(ξ0,ξ˜0)(ξ, ξ˜)−Hnℓ+4,(ξ0,ξ˜0)(ξ, ξ˜)
)
Dnℓ(ξ, ξ˜)
TΨˆ2,(ξ0,ξ˜0)(ξ, ξ˜)
=
s∑
ℓ=ℓ1
ℓ
(
Hnℓ,(ξ0,ξ˜0)(ξ, ξ˜)−Hnℓ+4,(ξ0,ξ˜0)(ξ, ξ˜)
)(
0,Dnℓ(ξ, ξ˜)
T
)
P(ξ0,ξ˜0)(ξ, ξ˜)Φˆ(ξ, ξ˜)
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and
Gˆ(ξ, ξ˜) =
∞∑
ℓ=ℓ1
ℓ
(
Hnℓ,(ξ0,ξ˜0)(ξ, ξ˜)−Hnℓ+4,(ξ0,ξ˜0)(ξ, ξ˜)
)
Dnℓ(ξ, ξ˜)
TΨˆ2,(ξ0,ξ˜0)(ξ, ξ˜).
Now it remains to prove that G is in the Lp,q-closure of Vp,q(Φ) and that G cannot be written
as
r∑
i=1
φi ∗
′
Di for some Di ∈ ℓ
p,q, 1 ≤ i ≤ r. From the construction of Gs and G, Gs ∈ Vp,q(Φ)
for all s ≥ ℓ1 and
‖G−Gs‖Lp,q ≤
∞∑
ℓ=s+1
ℓ
∥∥∥∥F−1
((
Hnℓ,(ξ0,ξ˜0)(ξ, ξ˜)−Hnℓ+4,(ξ0,ξ˜0)(ξ, ξ˜)
)
Dnℓ(ξ, ξ˜)
TΨˆ2,(ξ0,ξ˜0)(ξ, ξ˜)
)∥∥∥∥
Lp,q
≤
∞∑
ℓ=s+1
ℓ
(∥∥∥∥F−1(Hnℓ,(ξ0,ξ˜0)(ξ, ξ˜)Dnℓ(ξ, ξ˜)TΨˆ2,(ξ0,ξ˜0)(ξ, ξ˜)
)∥∥∥∥
Lp,q
+
∥∥∥∥F−1(Hnℓ+4,(ξ0,ξ˜0)(ξ, ξ˜)Dnℓ(ξ, ξ˜)TΨˆ2,(ξ0,ξ˜0)(ξ, ξ˜)
)∥∥∥∥
Lp,q
)
. (3.17)
Note that
Tnℓ,(ξ0,ξ˜0)Dnℓ =
r−k0∑
i=1
(
ψ2,(ξ0,ξ˜0),i ∗
′ hnℓ,(ξ0,ξ˜0)
)
∗′ D(i)nℓ
=
r−k0∑
i=1
∑
k1∈Z
∑
k2∈Zd
D(i)nℓ (k1, k2)
(
ψ2,(ξ0,ξ˜0),i ∗
′ hnℓ,(ξ0,ξ˜0)
)
(x1 − k1, x2 − k2).
Then, we obtain
(Tnℓ,(ξ0,ξ˜0)Dnℓ)
∧(ξ, ξ˜) =
r−k0∑
i=1
∑
k1∈Z
∑
k2∈Zd
D(i)nℓ (k1, k2)e
−i(k1,k2)·(ξ,ξ˜)
(
ψ2,(ξ0,ξ˜0),i ∗
′ hnℓ,(ξ0,ξ˜0)
)∧
(ξ, ξ˜)
=
r−k0∑
i=1
D(i)nℓ (ξ, ξ˜)
( ∑
k1∈Z
∑
k2∈Zd
hnℓ,(ξ0,ξ˜0)(k1, k2)ψ2,(ξ0,ξ˜0),i(x1 − k1, x2 − k2)
)∧
(ξ, ξ˜)
=
r−k0∑
i=1
D(i)nℓ (ξ, ξ˜)Hnℓ,(ξ0,ξ˜0)(ξ, ξ˜)ψˆ2,(ξ0,ξ˜0),i(ξ, ξ˜)
= Hnℓ,(ξ0,ξ˜0)(ξ, ξ˜)Dnℓ(ξ, ξ˜)
TΨˆ2,(ξ0,ξ˜0)(ξ, ξ˜).
This together with (3.11) and (3.17) obtains
‖G−Gs‖Lp,q ≤
∞∑
ℓ=s+1
ℓ
(
‖Tnℓ+4,(ξ0,ξ˜0)‖+ ‖Tnℓ,(ξ0,ξ˜0)‖
)
≤
∞∑
l=s+1
ℓ
2ℓ
→ 0, as s→∞.
This shows that G is in the Lp,q-closure of Vp,q(Φ).
Finally, we prove that G 6∈ Vp,q(Φ). On the contrary, suppose that
Gˆ(ξ, ξ˜) = B(ξ, ξ˜)TΦˆ(ξ, ξ˜) (3.18)
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for some vector valued 2π-periodic distribution B(ξ, ξ˜) with Fourier coefficients belonging to
ℓp,q. Note that suppGˆs(ξ, ξ˜) ⊂ B
(
(ξ0, ξ˜0), 2
−(ℓ1−1)
)
+ 2π(Z × Zd) for all s ≥ ℓ1 and so is
suppGˆ(ξ, ξ˜). Hence we may assume that B(ξ, ξ˜) in (3.18) is supported in B
(
(ξ0, ξ˜0), δ(ξ0,ξ˜0)
)
+
2π(Z× Zd) when ℓ1 is chosen large enough. Write
B(ξ, ξ˜)T
(
P(ξ0,ξ˜0)(ξ, ξ˜)
)−1
=
(
B1(ξ, ξ˜)
T, B2(ξ, ξ˜)
T
)
.
Then we can rewrite (3.18) as
B1(ξ, ξ˜)
TΨˆ1,(ξ0,ξ˜0)(ξ, ξ˜)
=
(
−B2(ξ, ξ˜)
T+
∞∑
ℓ=ℓ1
ℓ
(
Hnℓ,(ξ0,ξ˜0)(ξ, ξ˜)−Hnℓ+4,(ξ0,ξ˜0)(ξ, ξ˜)
)
Dnℓ(ξ, ξ˜)
T
)
Ψˆ2,(ξ0,ξ˜0)(ξ, ξ˜). (3.19)
This together with (3.5) and (3.7) obtains that B1(ξ, ξ˜) ≡ 0. Substituting this into (3.19),
B2(ξ, ξ˜)
TΨˆ2,(ξ0,ξ˜0)(ξ, ξ˜)
=
∞∑
ℓ=ℓ1
ℓ
(
Hnℓ,(ξ0,ξ˜0)(ξ, ξ˜)−Hnℓ+4,(ξ0,ξ˜0)(ξ, ξ˜)
)
Dnℓ(ξ, ξ˜)
TΨˆ2,(ξ0,ξ˜0)(ξ, ξ˜). (3.20)
By direct computation and using the fact that nℓ+1 ≥ nℓ + 8, we obtain
H˜nℓ,(ξ0,ξ˜0)(ξ, ξ˜)
(
Hn
ℓ
′ ,(ξ0,ξ˜0)
(ξ, ξ˜)−Hn
ℓ
′+4,(ξ0,ξ˜0)
(ξ, ξ˜)
)
=
{
H˜nℓ,(ξ0,ξ˜0)(ξ, ξ˜) if ℓ
′
= ℓ,
0 if ℓ
′
6= ℓ.
Multiplying H˜nℓ,(ξ0,ξ˜0)(ξ, ξ˜) on both sides of (3.20) gives
H˜nℓ,(ξ0,ξ˜0)(ξ, ξ˜)B2(ξ, ξ˜)
TΨˆ2,(ξ0,ξ˜0)(ξ, ξ˜) = ℓH˜nℓ,(ξ0,ξ˜0)(ξ, ξ˜)Dnℓ(ξ, ξ˜)
TΨˆ2,(ξ0,ξ˜0)(ξ, ξ˜). (3.21)
Let b2 be the Fourier coefficients of B2(ξ, ξ˜), it follows from (3.16) and ‖T˜nℓ,(ξ0,ξ˜0)‖ 6= 0 that∥∥∥∥F−1(ℓH˜nℓ,(ξ0,ξ˜0)(ξ, ξ˜)Dnℓ(ξ, ξ˜)TΨˆ2,(ξ0,ξ˜0)(ξ, ξ˜)
)∥∥∥∥
Lp,q
≥ ℓ‖T˜nℓ,(ξ0,ξ˜0)‖/2
and
∥∥∥∥F−1(H˜nℓ,(ξ0,ξ˜0)(ξ, ξ˜)B2(ξ, ξ˜)TΨˆ2,(ξ0,ξ˜0)(ξ, ξ˜)
)∥∥∥∥
Lp,q
≤ ‖T˜nℓ,(ξ0,ξ˜0)‖ b2,
which contradicts with (3.21). This completes the proof of (i)⇒ (iii).
3.4 Proof of (iii)⇒ (v)
Let h(ηλ1 ,ηλ2)
(ξ, ξ˜), P(ηλ1 ,ηλ2)
(ξ, ξ˜) and Ψˆ1,(ηλ1 ,ηλ2)
be as in Lemma 2.9. Define
B(ηλ1 ,ηλ2 )
(ξ, ξ˜) = H(ηλ1 ,ηλ2 )
(ξ, ξ˜)P(ηλ1 ,ηλ2)
(ξ, ξ˜)T
(
[Ψˆ1,(ηλ1 ,ηλ2 )
, Ψˆ1,(ηλ1 ,ηλ2)
](ξ, ξ˜)−1 0
0 I
)
P(ηλ1 ,ηλ2 )
(ξ, ξ˜),
(3.22)
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whereH(ηλ1 ,ηλ2 )(ξ, ξ˜) is a 2π-periodic C
∞ function such that H(ηλ1 ,ηλ2)(ξ, ξ˜) = 1 on the support
of h(ηλ1 ,ηλ2) and H(ηλ1 ,ηλ2) is supported in B
(
(ηλ1 , ηλ2), 2δ(ηλ1 ,ηλ2 )
)
+ 2π(Z × Zd). Then the
Fourier coefficients of B(ηλ1 ,ηλ2)(ξ, ξ˜) belong to ℓ
1,1. Define Ψ = (ψ1, . . . , ψr)
T by
Ψˆ(ξ, ξ˜) =
∑
(ηλ1 ,ηλ2 )∈Λ
h(ηλ1 ,ηλ2)
(ξ, ξ˜)B(ηλ1 ,ηλ2 )
(ξ, ξ˜)Φˆ(ξ, ξ˜). (3.23)
Then Ψ ∈ L∞,∞ if 1 < p, q <∞ and Ψ ∈ W(L1,1) if p = 1,∞ or q = 1,∞. For any f ∈ Vp,q(Φ),
define
g =
r∑
i=1
∑
j1∈Z
∑
j2∈Zd
〈f, ψi(· − j1, · − j2)〉φi(· − j1, · − j2).
Then it sufficies to prove that g = f . By the definition of the space Vp,q(Φ), there exists
2π-periodic distribution D(ξ, ξ˜) with Fourier coefficients belonging to ℓp,q such that fˆ(ξ, ξ˜) =
D(ξ, ξ˜)TΦˆ(ξ, ξ˜). Therefore, it follows from (3.22), (3.23) and Lemma 2.9 that
gˆ(ξ, ξ˜) = D(ξ, ξ˜)T[Φˆ, Ψˆ](ξ, ξ˜)Φˆ(ξ, ξ˜)
=
∑
(ηλ1 ,ηλ2)∈Λ
h(ηλ1 ,ηλ2)(ξ, ξ˜)D(ξ, ξ˜)
T[Φˆ, Φˆ](ξ, ξ˜)B(ηλ1 ,ηλ2)(ξ, ξ˜)Φˆ(ξ, ξ˜)
=
∑
(ηλ1 ,ηλ2)∈Λ
h(ηλ1 ,ηλ2)(ξ, ξ˜)D(ξ, ξ˜)
TP(ηλ1 ,ηλ2 )(ξ, ξ˜)
−1
(
[Ψˆ1,(ηλ1 ,ηλ2), Ψˆ1,(ηλ1 ,ηλ2)](ξ, ξ˜) 0
0 0
)
×
(
[Ψˆ1,(ηλ1 ,ηλ2), Ψˆ1,(ηλ1 ,ηλ2)](ξ, ξ˜)
−1 0
0 I
)(
Ψˆ1,(ηλ1 ,ηλ2)(ξ, ξ˜)
0
)
=
∑
(ηλ1 ,ηλ2)∈Λ
h(ηλ1 ,ηλ2)(ξ, ξ˜)D(ξ, ξ˜)
TP(ηλ1 ,ηλ2 )(ξ, ξ˜)
−1
(
Ψˆ1,(ηλ1 ,ηλ2)
(ξ, ξ˜)
0
)
= D(ξ, ξ˜)TΦˆ(ξ, ξ˜) = fˆ(ξ, ξ˜).
Similarly, we can prove that f =
r∑
i=1
∑
j1∈Z
∑
j2∈Zd
〈f, φi(·−j1, ·−j2)〉ψi(·−j1, ·−j2). This completes
the proof of (iii)⇒ (v).
3.5 Proof of (v)⇒ (ii)
Let f =
r∑
i=1
∑
j1∈Z
∑
j2∈Zd
〈f, φi(· − j1, · − j2)〉ψi(· − j1, · − j2). Then it follows from Lemma 2.1 that
‖f‖Lp,q ≤
r∑
i=1
∥∥∥∥{ < f, φi(· − j1, · − j2) > }(j1,j2)∈Z×Zd
∥∥∥∥
ℓp,q
‖ψi‖Lp,q
≤
( r∑
i=1
∥∥∥∥{ < f, φi(· − j1, · − j2) > }(j1,j2)∈Z×Zd
∥∥∥∥
ℓp,q
)( r∑
i=1
‖ψi‖L∞,∞
)
. (3.24)
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By Lemma 2.6, we can obtain
r∑
i=1
∥∥∥∥{ < f, φi(· − j1, · − j2) > }(j1,j2)∈Z×Zd
∥∥∥∥
ℓp,q
≤
( r∑
i=1
‖φi‖L∞,∞
)
‖f‖Lp,q .
Thus, the item (ii) of Theorem 3.1 holds for A = max
{
r∑
i=1
‖ψi‖L∞,∞ ,
r∑
i=1
‖φi‖L∞,∞
}
.
3.6 Proof of (ii)⇒ (iii)
Let k0 = min
(ξ,ξ˜)∈R×Rd
rank
(
Φˆ(ξ + 2k1π, ξ˜ + 2k2π)
)
(k1,k2)∈Z×Zd
and Ωk0 =
{
(ξ, ξ˜) : rank
(
Φˆ(ξ +
2k1π, ξ˜ + 2k2π)
)
(k1,k2)∈Z×Zd
> k0
}
. By Lemma 2.8, it suffices to prove that Ωk0 = ∅. On the
contrary, suppose that Ωk0 6= ∅. Let (ξ0, ξ˜0) ∈ ∂Ωk0 ,Ψ1,(ξ0,ξ˜0), Ψ2,(ξ0,ξ˜0), P(ξ0,ξ˜0)(ξ, ξ˜), Hn,(ξ0,ξ˜0)(ξ, ξ˜),
H˜n,(ξ0,ξ˜0)(ξ, ξ˜) and δ(ξ0,ξ˜0) be as in the proof of (i)⇒ (iii). It follows from (3.5) and the conti-
nuity of [Ψˆ1,(ξ0,ξ˜0), Ψˆ1,(ξ0,ξ˜0)](ξ, ξ˜) that we can chose a n0 such that 2
−n0 < δ(ξ0,ξ˜0) and
αn(ξ, ξ˜) = [Ψˆ1,(ξ0,ξ˜0), Ψˆ1,(ξ0,ξ˜0)](ξ0, ξ˜0)
+Hn,(ξ0,ξ˜0)(ξ, ξ˜)
(
[Ψˆ1,(ξ0,ξ˜0), Ψˆ1,(ξ0,ξ˜0)](ξ, ξ˜)− [Ψˆ1,(ξ0,ξ˜0), Ψˆ1,(ξ0,ξ˜0)](ξ0, ξ˜0)
)
is nonsingular for all n ≥ n0. Given any (r − k0) × 1 2π-periodic distribution matrix F (ξ, ξ˜)
with Fourier coefficients belonging to ℓp,q, define gn, n ≥ n0 + 1, by
gˆn(ξ, ξ˜) = H˜n,(ξ0,ξ˜0)(ξ, ξ˜)
(
− F (ξ, ξ˜)T[Ψˆ2,(ξ0,ξ˜0), Ψˆ1,(ξ0,ξ˜0)](ξ, ξ˜)
(
αn(ξ, ξ˜)
)−1
, F (ξ, ξ˜)T
)
×
(
Ψˆ1,(ξ0,ξ˜0)(ξ, ξ˜)
Ψˆ2,(ξ0,ξ˜0)(ξ, ξ˜)
)
. (3.25)
Then gn ∈ Vp,q(Φ) and
[gˆn, Ψˆ1,(ξ0,ξ˜0)](ξ, ξ˜) = H˜n,(ξ0,ξ˜0)(ξ, ξ˜)
(
− F (ξ, ξ˜)T[Ψˆ2,(ξ0,ξ˜0), Ψˆ1,(ξ0,ξ˜0)](ξ, ξ˜)
(
αn(ξ, ξ˜)
)−1
, F (ξ, ξ˜)T
)
×
(
[Ψˆ1,(ξ0,ξ˜0), Ψˆ1,(ξ0,ξ˜0)](ξ, ξ˜)
[Ψˆ2,(ξ0,ξ˜0), Ψˆ1,(ξ0,ξ˜0)](ξ, ξ˜)
)
= 0, (3.26)
where we have used (3.12) and the fact that αn(ξ, ξ˜) = [Ψˆ1,(ξ0,ξ˜0), Ψˆ1,(ξ0,ξ˜0)](ξ, ξ˜) on the support
of H˜n,(ξ0,ξ˜0). Moreover, by Lemma 2.6, (3.12), (3.26) and
P(ξ0,ξ˜0)(ξ, ξ˜)Φˆ(ξ, ξ˜) =
(
Ψˆ1,(ξ0,ξ˜0)(ξ, ξ˜)
Ψˆ2,(ξ0,ξ˜0)(ξ, ξ˜)
)
,
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we obtain
‖[gˆn, Φˆ](ξ, ξ˜)‖ℓp,q∗ =
∥∥∥∥
[
gˆn,
(
Ψˆ1,(ξ0,ξ˜0)
Ψˆ2,(ξ0,ξ˜0)
)]
(ξ, ξ˜)P(ξ0,ξ˜0)(ξ, ξ˜)
−T
∥∥∥∥
ℓp,q∗
≤
∥∥∥∥
[
gˆn,
(
Ψˆ1,(ξ0,ξ˜0)
Ψˆ2,(ξ0,ξ˜0)
)]
(ξ, ξ˜)
∥∥∥∥
ℓp,q∗
‖P(ξ0,ξ˜0)(ξ, ξ˜)
−T‖ℓ1,1∗
≤ C
∥∥∥∥
[
gˆn,
(
Ψˆ1,(ξ0,ξ˜0)
Ψˆ2,(ξ0,ξ˜0)
)]
(ξ, ξ˜)
∥∥∥∥
ℓp,q∗
= C
∥∥∥[gˆn, Ψˆ2,(ξ0,ξ˜0)](ξ, ξ˜)
∥∥∥
ℓp,q∗
= C
∥∥∥[gˆn,Hn,(ξ0,ξ˜0)Ψˆ2,(ξ0,ξ˜0)](ξ, ξ˜)
∥∥∥
ℓp,q∗
≤ C‖gn‖Lp,q
∥∥∥F−1(Hn,(ξ0,ξ˜0)Ψˆ2,(ξ0,ξ˜0))
∥∥∥
L∞,∞
, (3.27)
where ‖P(ξ0,ξ˜0)(ξ, ξ˜)
−T‖
ℓ1,1∗
≤ C. It follows from Lemma 2.10 that
∥∥∥F−1(Hn,(ξ0,ξ˜0)Ψˆ2,(ξ0,ξ˜0))
∥∥∥
L∞,∞
=
∥∥∥ ∑
j1∈Z
∑
j2∈Zd
hn,(ξ0,ξ˜0)(j1, j2)Ψ2,(ξ0,ξ˜0)(· − j1, · − j2)
∥∥∥
L∞,∞
≤ 2−n(d+1)
∥∥∥ ∑
j1∈Z
∑
j2∈Zd
Hˆ(2−nj1, 2
−nj2)e
−i(ξ0,ξ˜0)·(·+j1,·+j2)Ψ2,(ξ0,ξ˜0)(·+ j1, ·+ j2)
∥∥∥
L∞,∞
.
Then
lim
n→∞
∥∥∥F−1(Hn,(ξ0,ξ˜0)Ψˆ2,(ξ0,ξ˜0))
∥∥∥
L∞,∞
= 0.
This together with (3.27) leads to the existence of ǫn, n ≥ n0, such that
‖[gˆn, Φˆ](ξ, ξ˜)‖ℓp,q∗ ≤ ǫn‖gn‖Lp,q (3.28)
and lim
n→∞
ǫn = 0. On the other hand, by the assumption (ii) we obtain
‖[gˆn, Φˆ](ξ, ξ˜)‖ℓp,q∗ =
∥∥∥∥
{∫
R
∫
Rd
gn(x1, x2)Φ(x1 − j1, x2 − j2)
}
(j1,j2)∈Z×Zd
∥∥∥∥
ℓp,q
≥ A−1‖gn‖Lp,q .
This together with (3.28) proves that there exists an integer n1 ≥ n0 + 1 such that
gn ≡ 0 for n ≥ n1.
Thus for any (r − k0) × 1 2π-periodic distribution matrix F (ξ, ξ˜) with Fourier coefficients
belonging to ℓp,q, we can obtain
H˜n,(ξ0,ξ˜0)(ξ, ξ˜)F (ξ, ξ˜)
T[Ψˆ2,(ξ0,ξ˜0), Ψˆ1,(ξ0,ξ˜0)](ξ, ξ˜)
(
αn(ξ, ξ˜)
)−1
Ψˆ1,(ξ0,ξ˜0)(ξ, ξ˜)
= H˜n,(ξ0,ξ˜0)(ξ, ξ˜)F (ξ, ξ˜)
TΨˆ2,(ξ0,ξ˜0)(ξ, ξ˜)
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from (3.25) for any n ≥ n1. Hence
H˜n,(ξ0,ξ˜0)(ξ, ξ˜)[Ψˆ2,(ξ0,ξ˜0), Ψˆ1,(ξ0,ξ˜0)](ξ, ξ˜)
(
αn(ξ, ξ˜)
)−1
Ψˆ1,(ξ0,ξ˜0)(ξ, ξ˜)
= H˜n,(ξ0,ξ˜0)(ξ, ξ˜)Ψˆ2,(ξ0,ξ˜0)(ξ, ξ˜). (3.29)
This together with (3.5) and (3.7) leads to
H˜n,(ξ0,ξ˜0)(ξ, ξ˜)[Ψˆ2,(ξ0,ξ˜0), Ψˆ1,(ξ0,ξ˜0)](ξ, ξ˜)
(
αn(ξ, ξ˜)
)−1
= 0, (ξ, ξ˜) ∈ B
(
(ξ0, ξ˜0), 2
−n1
)
+2π(Z×Zd).
Substituting this into (3.29), we obtain
Ψˆ2,(ξ0,ξ˜0)(ξ, ξ˜) ≡ 0 on B
(
(ξ0, ξ˜0), 2
−n1
)
+ 2π(Z× Zd),
which contradicts with (3.8). This completes the proof of (ii)⇒ (iii).
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